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^ . Abstract 

We study instanton effects in theories with compact extra dimensions. We perform 
an instanton calculation in a 5d theory on a circle of radius R, with gauge, scalar, and 
fermion fields in the bulk of the extra dimension. We show that, depending on the mat- 
ter content, instantons of size p <^ R can dominate the amplitude. Using deconstruction 
as an ultraviolet definition of the theory allows us to show, in a controlled approxima- 
tion, that for a small number of bulk fermions, the amplitude for small size instantons 
exponentially grows as e^^^^^^^ . 



1 Introduction, summary, and outlook 



1.1 Introduction 

Theories with extra dimensions may play a role in resolving many issues in particle physics, 
from the hierarchy problem [jl| and supersymmetry breaking [Q], to the flavor problem and 
proton stability |Q. In many models, the extra dimensions are accessible to Standard Model 
gauge fields. If gauge fields are allowed into the extra dimensions, nonperturbative effects 
seen in the low-energy 4d theory may substantially differ from those in ordinary 4d theories. 
In 4d gauge theories, asymptotic freedom of the gauge coupling typically suppresses the con- 
tributions of small instantons to instanton amplitudes, ensuring that the axion potential and 
the amplitudes of AB = AL = 3 processes in the Standard Model are independent of the 
ultraviolet physics @]. 

Higher dimensional gauge theories, however, are not asymptotically free. One expects, 
therefore, that the ultraviolet independence of instanton amplitudes is not a generic feature of 
compactified higher-dimensional theories, and that nonperturbative effects may receive ultra- 
violet contributions. That small-instanton amplitudes are modified is clear: as the instanton 
becomes much smaller than the radius of compactification R, a large number of Kaluza-Klein 
(KK) modes begin to "feel" its presence. The KK modes' fluctuations in the small instan- 
ton background can grow as the instanton size p decreases, modifying the dependence of the 
instanton amplitude on p. It is this modification that we study here, extending the work 
of P on nonperturbative effects in compactified supersymmetric theories to theories without 
sup er symmet ry. 

Our main result is that bulk gauge fields and scalars lead to an exponential, e'^*^^-'^/'', 

enhancement of the small instanton (p <^ R) amplitude, while bulk fermions tend to similarly 

suppress small instantons; which contribution dominates is a detailed question to which we 

devote the rest of the paper. A qualitative understanding of this result can be obtained by 

recalling 't Hooft's original calculation [^] of the instanton amplitude e'^^ff and the relation 

between instanton amplitudes and beta functions [§,0]. Nonzero modes of bosons in the 

instanton background contribute "screening" logarithms of p to the effective action S^jf- 

Screening logarithms decrease[] Seff as p is decreased, hence one expects bulk bosons to 

enhance the small instanton amplitude. On the other hand, nonzero modes of fermions in the 

instanton background contribute "antiscreening" logarithms that increase the action for small 

p, suppressing the small instanton amplitude. The main contribution to the enhancement of 

^This terminology comes from the relation Seff{p) = 8it'^ / g'^ (p) , which holds for the instanton amplitude 
in massless QCD. A "screening" Inp contribution increases the coupling in the ultraviolet, decreasing S'e// for 
small p, and v. v. for the "antiscreening" logarithms. For a review, see 
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the small-p amplitude is due to the nonzero modes — the KK fields responsible for the effect 
are massive and have no zero modes in the instanton background. 

To make sense of the calculation of instanton effects in a 5d theory, which is neither 
renormalizable nor asymptotically free, we use deconstruction as an ultraviolet definition of 
the theory |llO|,p]T||. For the "moose" theory in a 5d phase, we use standard 4d instanton 



calculus, renormalization, and regularization of the instanton amplitude. We believe that our 
conclusion regarding the growth of the small instanton contribution is independent of the 
ultraviolet completion of the theory. The advantage of deconstruction is that it allows us to 
exhibit this growth in a controlled, weak coupling approximation (at finite N), while avoiding 
formal manipulations with the infinite KK tower. 

1.2 Summary 

In section ^, we begin by recalling some known exact results on nonperturbative effects in 
compactified 5d supersymmetric theories. In it was shown that the operators violating 

the anomalous ?7(1)_r symmetry in the low-energy theory are due to 4d instantons wrapped 



around the compact dimension. The discussion in section |2.1| sets the framework for our 
calculation, as it is precisely the contribution of wrapped 4d instantons in nonsupersymmetric 
theories that we are interested in. 

We continue in section |2.2| by discussing in detail the p dependence of the instanton am- 
plitude in a compactified supersymmetric 5d theory, using a continuum theory description. 
We show that, because of supersymmetric cancellations, the dependence of the amplitude on 
the instanton size is entirely governed by the 4d beta function. The instanton amplitude is 
therefore insensitive to the ultraviolet and its strength is completely determined by 4d infrared 
dynamics. This ultraviolet insensitivity of the instanton amplitude in compactified supersym- 
metric theories explains why the Seiberg-Witten curve of the compactified 5d theory, found 
in [|12| without specifying details of the ultraviolet completion, agrees with the deconstructed 
curve 1^. 

For a self-contained presentation, in section ^ we give a brief review of deconstruction and 
the deconstructed semiclassical field configurations whose contributions to the path integral 
we will consider. 

We then turn, in section ^ to the main goal of this paper: studying the small-instanton 
dependence of instanton amplitudes in nonsupersymmetric compactified 5d gauge theories. 
We begin with a discussion of our approximation to massive instanton determinants (the 



"step-function" approximation) in section [4.1|. We then use this approximation to calculate 



the instanton amplitude in the pure gauge theory in section [4.2| . We use a deconstructed 
ultraviolet definition of the theory to regulate and renormalize the amplitude. We show that 
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the amplitude grows exponentially, as e^/^. Eqn. (|27|) , displaying this behavior of Sefj, is the 
main result of section I 



We include bulk scalar and fermion fields in the calculation in section |4.3| . Within the 
same approximation as in section [4 .21 , we find the dependence of S'e// on the instanton size for 
arbitrary bulk matter content. Eqn. (|3l|) shows the effect mentioned in the introduction — that 
bulk bosons enhance, while bulk fermions suppress the small-instanton amplitude. 

In section |], we discuss an important issue: the corrections to our "step-function" ap- 
proximation to massive instanton determinants and the effect of these corrections on the 



small-instanton amplitude. Using the small- and large-mass expansions [13,14| of the instan- 



ton determinant, as well as a recently proposed interpolating formula ||T^, we show that these 
corrections do not qualitatively alter our conclusions. 



1.3 Outlook 

It is important to stress that our result for the instanton amplitude holds in more general 
backgrounds — Scherk-Schwarz, orbifold, or warped compactifications, such as (deconstructed) 
slices of AdS^. Thus, they have potential applications to models with Standard Model gauge 
fields propagating in the bulk of the extra dimensions. We comment on the strength of 
instanton amplitudes in models with nonsupersymmetric orbifolds of supersymmetric theories 
at the end of section but leave a detailed investigation of instanton effects in more general 
backgrounds for future study. 

If all Standard Model fermions propagate in the bulk of the extra dimensions, our result 
indicates that the small instanton amplitude is exponentially suppressed — at least in the finite- 
N, weak-coupling deconstructed case, where our calculation is under control. We can not make 
a claim as to the strength of instanton-induced processes in the continuum limit. This is a 
strong-coupling limit of the deconstructed theory, where the semiclassical approximation is 
not valid. On the other hand, instanton induced interactions are allowed by the symmetries 
of the theory and one can add the corresponding terms, suppressed by the 5d cutoff scale, 
to the low-energy lagrangian. Our calculation, however, does not allow to determine their 
coefficient. 

A phenomenologically more interesting situation arises when the Standard Model fermions 
are localized in extra dimension (so that they do not give rise to KK modes, which suppress 
the small instanton amplitude). In this case our finite- A^, weak-coupling calculation indicates 
that small-instanton processes might be unsuppressed. Furthermore, since the instanton is 
not localized in the extra dimension, it generates a nonlocal interaction between fermions 
localized at different positions in the extra dimensions; a more detailed investigation of these 
effects is under way. 
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2 Instantons in compactified 5d gauge theory: the su- 
persymmetric case 



In order to set the framework for our calculation, introduce notation, and discuss its relation 
to previous work, it is instructive to recall what we know about nonperturbative effects in a 
compactified 5d supersymmetric Yang-Mills theory. 

2.1 Exact results in compactified 5d supersymmetric theory and 
semiclassical calculations 

Consider a 5d SU{2) theory with minimal supersymmetry, corresponding to = 2 in 4d. 



The continuum version of this theory was studied in |T^, where the Seiberg-Witten curve was 
found by symmetry and consistency arguments. The curve determines the low-energy, two- 
derivative theory of the KK zero modes, including all nonperturbative effects. The continuum 
and deconstructed version of this theory were studied recently in where a map between 
the nonperturbative effects in the two descriptions was constructed. It was shown that the 
nonperturbative contributions to the Seiberg-Witten curve of the compactified 5d theory arise, 
in the semiclassical regime, from 4d instantons wrapping the extra dimension. 

It is precisely the effect of 4d instantons wrapping the compact dimension that we want 
to study in this paper, in a variety of non-supersymmetric compactified 5d theories. The 
4d instantons give the leading contribution to operators violating classically conserved, but 
anomalous, quantum numbers: B — L and the Peccei-Quinn symmetry in the Standard Model, 
or the U{1)r symmetry of the compactified 5d "Seiberg-Witten" theory ||5|,p!2|. 

The main issue when performing an instanton calculation is the dependence of the instan- 
ton amplitude on the instanton size p Classically, instantons of any size are solutions of 
the Yang-Mills equations. The instanton size p is a collective coordinate, which one integrates 
over in the path integral. The integral over instanton size p classically diverges. However, 
quantum corrections to the instanton amplitude introduce p dependence in the action that 
helps to determine the typical size of instantons contributing to the amplitude. 

The discussion of the previous paragraph holds also in compactified 5d Yang-Mills theory, 
so long as one considers only the leading two- derivative term in the action: the 4d instanton 
solution independent on the compact coordinate is also a solution of the 5d Yang-Mills equa- 
tions for arbitrary instanton size. The 5d Yang-Mills theory, however, is at best an effective 
low-energy theory and contains (generally unknown) higher-derivative terms suppressed by in- 
verse powers of the cutoff M. These terms can, a priori, determine the instanton size already 
at the classical level (in the manner the Skyrme term determines the size of the skyrmion, 
or similar higher-dimensional terms determine the size of instantons considered as solitonic 
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particles in a 5d theory, see IT^). However, the higher-derivative terms' contribution to the 



instanton action is suppressed by inverse powers of pM, hence for instantons larger than the 
5d short-distance cutoff, pM ^ 1, their effect on the action is negligible. 

We will see, in section ^, that the enhancement of the small instanton amplitude in non- 
super symmetric theories occurs for instantons of size R ^ p ^ M'^, where the higher- 
derivative terms are unimportant; parametrically, at least, the required separation of scales 
can always be achieved.0 

In a supersymmetric theory, on the other hand, as we show below (section p.2D , the p 
dependence of the effective action in the instanton background is governed by the 4d beta 
function. In supersymmetric theories, therefore, the instanton amplitude shows no ultraviolet 
(UV) sensitivity. 

2.2 The p dependence of the instanton ampHtude in compactified 
supersymmetric theories 

We are interested in the semiclassical expansion of the 5d path integral, formally written 
in terms of an infinite number of 4d Kaluza-Klein (KK) fields, or the deconstructed version 
thereof (see section H), around a 4d instanton solution. Semiclassically, the amplitude is 
proportional to e~'^'='"°% where Sdass is the classical action of the instanton in the 5d theory 
with coupling g^, compactified on a circle of radius R: 

Stt^ 

Sdass = 27ri? —2-. (1) 

Recall now that in the Wilsonean regularization scheme the matching to the coupling, g^, of 
the 4d theory, occurs at the UV cutoff M:0 

^ = ^ (2) 

Therefore, expressed in terms of the 4d coupling, the classical action is: 

^class - ^2^^^ , [6) 



^To discuss the effects of instantons of size p ~ M~^, or even p <C M~^, an ultraviolet definition of the 
theory is needed. In a deconstructed framework, we give a qualitative discussion of the effects of "really small" 
instantons (p ^ M~^) in section 4.2. In section^, the cutoff of the 5d theory is denoted by v, while M is a 
Pauli-Villars regulator mass; physical quantities in the renormalizable deconstructed theory are independent 
of M. 

■^And not at 1/R, as one might naively guess; matching at 1/R is in conflict with holomorphy in R 
as noted in This also follows from the RGE ( p^ ) in the deconstructed version of the theory (with 

rriKK = 2v ^ M). Note that the matching at the UV cutoff is a general feature of deconstructed regularization 
of higher dimensional theories even in the absence of supersymmetry. 
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just like in a 4d instanton calculation with gi{M) — the "bare" coupling. As usual in instanton 
calculations, we will take M to be the Pauli-Villars regulator mass. The classical action is, of 
course, independent of the instanton size, which is a collective coordinate to be integrated over. 
However, fluctuations around the instanton depend on its size p. Studying this dependence is 
our main goal, since it is crucial in determining the strength of the instanton amplitude. 

Let us look first at the fluctuations of the 4d gauge field (the KK zero mode) in the instan- 
ton background. The nonzero modes of the n = KK states cancel due to supersymmetry 0. 
The only contribution is that of the zero modes, changing e'^"^"-"", (^, to: 



appears is very simple — the Pauli-Villars regulator determinants have modes with eigenvalue 
for bosons (and M for fermions) whenever there is a zero mode. Since one divides by 
the PV determinant, regulator boson eigenvalues appear with +1/2 power and regulator 
fermions — with -1/2 (instead of -1/2 and 1/2, respectively, for physical fields). Combining 
the above one gets the B — F/2 factor in (^. 

The important point is that in the supersjnnmetric case the only p dependence appears 
through the zero modes. There is no p anywhere else in the whole Green function (except 
in the measure, of course). This is to be contrasted with ordinary QCD where the nonzero 
modes also contribute a p-dependent factor, as we will see in section ^. Now, exponentiating 
the prefactor in (^, Sdass becomes: 



The size of the instanton is determined 0] by adding the Higgs action with vev a, proportional 
to a^p^, and then extremizing w.r.t. p, which gives p^ ~ ho/ a?. Here, ho is the first coefficient 
of the beta function. In supersymmetric theories Bq = B — F/2 precisely because nonzero 
modes in the instanton background cancel (for the SU {2) N = 2 supersymmetric theory we 
are considering B = F = 8); see [0. 

Now we turn to the fluctuations of the KK modes of the gauge fleld and partners. The 
spectrum of fluctuations of the heavy modes (with mass n/R) around the instanton still 
has an asymmetry between bosons and fermions. This is easiest to see from the fluctuation 
equations. For example, the KK modes of the gauge fleld obey the same equation (in the 

= background Lorentz gauge) as the n = mode, up to the mass term: 




(4) 



where B, F are the number of bosonic and fermionic zero modes respectively. The way (^ 




(5) 



n 



(6) 
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where A"- is the KK gauge field and Aq, F^^ — the BPST background. If R is infinite, these 
are the usual 4d fiuctuation equations in the background Lorentz gauge. Adding the KK mass 
only shifts the spectrum upwards by n/R\ the fermions still have eight chiral eigenfunctions 
with eigenvalues n/R and the bosons — eight bosonic eigenfunctions with eigenvalues n/R. 
There is, therefore, still a net non-cancellation of the lowest eigenvalues in the determinants at 
each KK mass level. Since all eigenvalues larger than n/R come in complete supersymmetry 
pairs the contributions of all but the lowest eigenvalues cancel in the determinants. 

Therefore the fiuctuation determinant of the KK gauge fields reduces to the product of the 
lowest eigenvalues (which would have been the zero modes in the infinite- i? limit). Taking these 
KK gauge fields "zero modes" into account, the instanton amplitude in the supersymmetric 
SU (2) theory becomes:Q 

'W^) + ^^^(^-"V n^^^^"' {^n^/R^ + M^) . (7) 

The first term in the pre-exponential product is the contribution of the would-be zero modes 
of physical fields and the second term — that of the regulators.0 The contribution is to the 
power of 8 and not 4 because at each KK level there are left and right moving modes, so the 
number of zero modes of the non-zero KK modes at each level is double that of the = 
zero modes. Eqn. should be multiplied by integrals over the usual fermionic and bosonic 
zero modes. Since our main interest is the p dependence of the measure, we will not explicitly 
display these integrals here and in the following sections. 

It is important to note that the product in is independent of p. We can re-exponentiate 
and obtain: 

gi{M) ^ V n^T^ J aii^/R) R 

We conclude that the instanton amplitude is proportional to 



exp(-^,,,)=exp^--^ + 41n 



= (A4P)^ , (9) 

where A4 is the 4d strong coupling scale of the theory as defined by (|^). 

"'The product in should be taken over infinite KK tower. However, we are working in an efi^ective 
4d theory with a cutoff Af , and absorbed the contributions of the KK states with mass m„ > M into the 
definition of 174 (Af). This becomes obvious when the theory is regulated by deconstruction: as long as cutoff 
(lattice spacing) is finite, the KK tower is finite too. 

^In the non-supersymmetric case, as we will see in the following sections, we will also advocate that the 
pre-exponential factors have to be present, based on the singularity of the determinants in the R ^ 00 limit 
and/or renormalization group invariance with respect to changes of the UV cutoff M. 
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Eqn. (I) is the main result of this section. It shows that the dependence of the instanton 
amphtude on the instanton size in the compactified supersymmetric 5d theory is entirely 
controlled by the 4d beta function. The size of the relevant instantons is then determined 
by the 4d infrared (e.g. Higgs) dynamics of the theory. The supersymmetric cancellations of 
nonzero modes are crucial in establishing this result. 



3 A brief review of deconstruction 

In this section we briefly review the idea of deconstruction — the regularization that we will use 
to perform the instanton calculation in the compactified nonsupersymmetric theory. Decon- 
struction has been proposed in 0,1111 ^ convenient, explicitly gauge invariant regularization 



scheme for the study of -D = 4 + n dimensional gauge theories with n compact dimensions. 
In this paper we study 5d theories compactified on S*^ with radius R. Their deconstructed 
description can be obtained by discretizing a single compact dimension. With lattice sites 
the discretized lagrangian of a pure gauge theory with an SU{M) gauge group has the form: 

„ / Af N \ 

S= / d'xi-^ Y.^^Fl + 4 ^tr(D^g,)tD'^g, , (10) 

where a is a lattice spacing, and the link fields Q are proportional to Wilson lines: 

g = -e'"^«. (11) 
a 

It is obvious that the action (|l^) describes a 4d product gauge theory with SU{M)'^ gauge 
group and scalar fields Q in the bifundamental representations. More precisely, the product 
gauge theory description requires that the lagrangian (|^) be supplemented by a scalar po- 
tential V{Q), generating non- vanishing vacuum expectation values (vevs) for the link fields 
< Q >= V = 1/a. The dictionary relating the 5d and 4d parameters is given by: 

1 N 1 V 

a=-, 27rR=-, - = -, (12) 

V V gi 

where g'^ is a gauge coupling of an individual gauge group in product gauge theory. Note that 
the scalar kinetic term has a non-canonical normalization, l/g"^, which is especially convenient 
in a supersymmetric theory. In fact, one can generalize deconstruction to study supersym- 
metric theories in 5d [|17|. In this case, there is a 4d SYM theory on each lattice site. In the 
simplest case, when four supercharges are preserved by the latticized theory, the link fields Q 
are chiral superfields. 

Expectation values of the link fields break the product gauge group SU{M)^ to the di- 
agonal SU{M), giving mass to all but one linear combination of the gauge multiplets. The 
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eigenvalues of the mass matrix are given by: 



ml = 4v^sm^— , k = 0,...N ~1. (13) 



One can easily see, using the identifications from eqn. (|1^) , that, in large- limit, the KK 
spectrum of a 5d theory is reproduced. 

We now turn to the gauge coupling of the unbroken SU (M) gauge group, which should be 
identified with the low energy gauge symmetry of the compactified 5d theory. The matching 
of the couplings should be performed at the scale of the highest KK mode rriKK = 2f and is 
given by: 

1 N 



(14) 



Note that the continuum (large- A^) limit with fixed 5d coupling and radius (which at the same 
time implies fixed coupling g'j in the low energy theory) requires that: 

g^{mKK) ~ f ~ — oo . (15) 

Eqn. (|15D implies that the strong coupling scale of each individual gauge group in the product 
gauge theory also goes to infinity along with A^. Hence, in the continuum limit the decon- 
structed description of the theory is not weakly coupled, reflecting the non-renormalizability 
of the original 5d model. 

On the other hand, the gauge coupling of the diagonal subgroup formally appears asymp- 
totically free and its renormalization group (RG) evolution is given by: 



= N— -6oAr ln2 + 6o ln27r , (16) 

where as before 6o is the one-loop beta function coefficient in the low energy theory (e.g., 
6o = 4 in the 5d SU{2) SYM model of section ^ and 6o = 7 in the non-supersymmetric SU{2) 
pure gauge theory of section |4.2| ), and the factor of two in the sum is due to the left and right 
moving modes. The first line of the RG equation (|16D is written, for definiteness, for odd A^ 
(the second line is true for any A^). 

We now turn to the discussion of non-perturbative physics. We are interested in the 
contributions of instantons in the compactified 5d theory to amplitudes in the low-energy 
effective theory. In fact, truly localized 5d instantons are not known. However, as has been 
explained in Section ^, topologically non-trivial solutions of the classical equations of motion 
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can be obtained by "lifting" 4d instanton solutions to the fifth dimension. Namely, one should 
consider field configurations which are independent of the fifth coordinate: 



A^{x,, X5) = A';;^\x,), A^{x,, X5) = . (17) 

This 5d "instanton" is a codimension-4 object, whose world-line wraps the compact dimension. 
Clearly, the action is finite so long as the compactification radius R is finite. 

We are looking for the description of such instantons in the deconstructed theory. The 
independence of the compact coordinate in the continuum theory suggests that in the decon- 
structed description we should look for field configurations independent of position in "theory 
space" (that is, the gauge fields in all of the gauge groups should have the same profile). In 
other words, we are looking for a multi-instanton solution with winding numbers (1, 1, . . . , 1) 
in the individual gauge groups of the SU{2)^ theory.^ In the low energy effective theory 
this field configuration corresponds to a single instanton in the unbroken gauge group, as 
expected from the wrapped 5d instanton picture. Indeed, it was shown in [Q that in the 
continuum limit this multi-instanton solution corresponds to the 5d instanton ([TtI). On the 
other hand, the deconstructed theory has a much richer non-perturbative physics. In partic- 
ular there exist "fractional" instantons with winding numbers (1,0, ... ,0) and so on. Such 
fractional instantons are lattice artifacts which do not correspond to physical effects in the 
continuum theory. In ^ it was shown that in supersymmetric theories fractional instanton 
contributions cancel and do not affect the low-energy action (ensuring agreement with the 



continuum theory result [|12| for the low-energy Seiberg-Witten curve). However, one expects 
that in non-supersymmetric models fractional instantons will affect the low energy properties 
of the theory. Nevertheless one can use deconstruction to study instanton amplitudes of the 
5d theory if one only includes contributions of (1,1,... ,1) instantons to the path integral. It 
is in this sense that we will treat deconstruction as an UV definition of the 5d theory in the 
following sections. 



4 Instantons in compactified 5d gauge theory: the non- 
supersymmetric case 

In this section, we study the p dependence of the instanton amplitude in a non-supersymmetric 
compactified 5d theory. The main difference from the supersymmetric case is that nonzero 
modes contribute at all KK levels — without supersymmetry no complete cancellation between 
fermions and bosons can occur. The results of this section apply to purely non-supersymmetric 
models as well as to models where the field content is supersymmetric, but the spectrum is 
^See jl^] for an explanation of this terminology. 
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not, e.g. Scherk-Schwarz and orbifold models. We assume that the expectation value of the 
Wilson line V exp j'^^^ ^5(2;, y)dy vanishes or is small enough to not affect the p <^ R behavior 
of the instanton amplitude (alternatively, the Wilson line can be projected out by orbifolding) . 

We will consider the instanton amplitude in the pure-gauge (deconstructed) compactified 
5d theory in section [4.2| and include bulk matter in section |4.3| . However, we need to first 
make a detour and briefly discuss the evaluation of KK mode determinants in the instan- 
ton background, in particular the "step-function" approximation that we will employ in our 
calculation. In section |, we will give a more detailed discussion of the corrections to this 
approximation and how they affect our results. 

4.1 The "step- function" approximation to massive instanton de- 
terminants 

Consider first an instanton in a 4d SU (2) gauge theory with a scalar field of mass m, which 
we take (for definiteness) to be a complex adjoint field. We write down general form of the 
instanton action as: 

= JW) " " ^) + ^S^fMP^ M/m) (18) 

where M is a UV cutoff (a Pauli-Villars mass, M ^ m, M ^ p), and ASeff{mp, M/m) is the 
contribution of the scalar field fluctuations around the instanton. The antiscreening factor of 
—8 is due to the zero modes of the gauge field in the instanton background, while the screening 
factor of +2/3 is from the nonzero modes of the gauge field 

To determine ASeffimp, M/m), we would have to calculate the determinant of scalar 
fluctuations for arbitrary mp. This is a technically difficult task — the method of uses the 
conformal invariance of the massless case and is not applicable to the massive determinant. 
However, continuity in p, renormalization group invariance with respect to a change in the 
cutoff M, and the singularities of the determinants expected in the massless limit, will help 
us find an approximate answer. 

1. For mp <^ 1, we can neglect the mass and therefore ASeff{mp, M/m) = | In Mp; 
the coefficient is the one appropriate for a complex adjoint scalar found in [^. An 
important point is that ASeff{mp, M/m) has a smooth limit as m — > for fixed p. This 
is because the scalar field does not have zero modes in the instanton background even 
in the massless limit [Q. Such a zero mode would cause a divergence of the instanton 
amplitude in the m — limit. This is to be contrasted with the case of a KK gauge 
field, where bosonic zero modes in the instanton background will appear in the massless 
limit, causing a singularity in the instanton amplitude; we will see that in the case 
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of massive vector fields ^Sejf should be modified to account for the massless limit 
singularity. There are corrections to the small-mass expression we use: a constant piece, 
calculated by 't Hooft as well as corrections proportional to positive powers of mp; these 
are discussed in section see eqn. ( p5D there. 



2. For mp ^ 1, the scalar does not feel the instanton, and therefore ASeff{Tnp,M/m) = 
const{M), (independent of p) where the dependence on M is such as to make the action 
renormalization group invariant with respect to changes of M. Corrections suppressed 
by l/{mp) are certainly present, but are small when mp ^ 1, see eqn. (|36D of section 

3. Finally, there is another piece of information: quantum mechanically, the action depends 
on the instanton size p. It is reasonable to require that the action be a continuous 
function of p. 

Combining the above arguments, we are led to the following expression for AS'e//(mp, M/m): 

ASeff{mp,M/m) = ^ In Mp + ^(^(mp) , (19) 
where gimp) is approximated by: 

We will further call eqn. (|20|) the "step-function" approximation (despite the obvious conti- 
nuity of ASefflmp, M/m) in p) to the determinant. This is very similar to what one usually 
does with beta-functions: the states with masses near cutoff do not of course decouple dis- 
continuously as the energy scales are integrated out; yet we discontinuously change the beta 
function across the threshold and then require that the gauge coupling itself be continuous. 

The limits considered above will be important for our study of instanton effects in the 
(deconstructed) 5d theory. We will show, in section that the "threshold" corrections to the 
step function approximation (EO) do not qualitatively modify our conclusions. 



4.2 Deconstructing the instanton amplitude in a compactified pure 
gauge theory 

With the discussion of the previous section in mind, we are ready to turn to the problem at 
hand — the strength of instanton effects in the deconstructed non-supersymmetric pure gauge 
5d theory [0,|11[]. We will organize our discussion according to the ratio of the instanton size p 



to the "UV cutoff' of the 5d theory[] v. The scale v is where the SU (2)^ theory is broken down 

^The 5d "UV cutoff' v is not to be confused with the true cutoff of the 4d deconstructed description, the 
Pauli-ViUars mass M, which we take to be larger than v. 
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to the diagonal SU{2)d gauge group (which is to be thought as the "5d" gauge group). We 
will first consider the contribution of instantons in the far UV region, beyond the cutoff of the 
"5d" theory, i.e. 1/v ^ p. We will then increase the size of the instanton and will consider 
the instanton amplitude for intermediate values of p, 2ttR = N/v ^ p > 1/v. This will 
turn out to be the most interesting, 5d, regime. Finally, the contribution of large instantons 
p > R = N/ {2ttv) is governed by the four dimensional beta function and is considered in . 

We begin with "really small" instantons, p <C v~^, which effectively means v = 0, i.e. with 
the moose theory in a "non-5d" phase. In this case, there are N independent instantons of 
the type (1, 0, ... ), (0, 1, 0, ... ), etc. Our primary interest, however, are instantons, which 
appear as solutions of the 5d Yang-Mills equations of motion, independent of the compactified 
coordinate. In other words, we are interested in instantons of the diagonal gauge group in 
the moose theory. These are the (1, 1, 1, 1...., l)-instantons — composite objects made out of 

instantons, one in each SU (2) gauge group. The A^-instanton one-loop effective action for 
w = is then (denoting the sizes of various instantons by pi): 

where in the first equation 8 — 2/3 is the contribution of zero and non-zero modes of the 
gauge fields, and —1/3 is the contribution of the bifundamental scalars (they are real) IQ. 
The instantons are independent, so one should integrate over N instanton sizes, centers, and 
orientations, which makes the p-integral extremely UV convergent and infrared (IR) divergent. 
As V, breaking SU{2)^ to SU{2)£), is turned on, there is really only one true zero mode; 
however, for small v one still has A^ constrained instantons, and the expression (|21|) is a good 
approximation. 

However, when v ^ 0, separating instanton centers and/or varying instanton sizes pi 
independently increases the action — the mass term v'^Ylii^i ~ ^i-i)^ increases the action 
whenever 7^ ^f-i- Therefore, one can integrate over A^ — 1 instanton sizes and positions (or 
rather their variations from the "average") and end up with the action of a single (1, 1, . . . , 1) 
instanton, so that one only integrates over a single p. From a 5d perspective, this is equivalent 
to considering the contribution of an instanton of the KK zero modes of the 5d gauge field. 

The integrand for the diagonal instanton of size p -C 1/f is, in our step-function approxi- 
mation ([T9|) : 

N-l IQ 

The various factors in (|2^ ) arise as follows: 
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1. The antiscreening logarithm 8 log Mp reflects the contribution of the true zero modes of 
the diagonal unbroken gauge group. 

2. The screening logarithm comes, as usual, from the contribution of non-zero modes of 
both massless and KK states — recall that p <C therefore all states are lighter than 
1/p and feel the presence of the instanton. More precisely, the screening contribution 
from the massless states — the diagonal gauge bosons' nonzero modes as well as the 
massless real adjoint scalars' nonzero modes — gives a total factor of —1 = —2/3 — 1/3. 
The (for simplicity N is taken odd here) doubly degenerate (left and right movers) 
KK levels contribute each the same factor of — 1(= —2/3 — 1/3), resulting in the second 
term in the screening logarithm. 

3. The pre-exponential factor in ( p2D is due to the gauge field KK states. It reflects the fact 
that the — > limit of the KK gauge field determinant is singular because of the 16 
zero eigenvalues appearing at each KK level; recall that the KK mass levels are doubly 
degenerate (16 = 2 x 8). The additive factor of ml in the numerator should, of course, 
be dropped since the UV cutoff M is above any of the KK masses. The pre-exponential 
term in ( ^2]) was written in a manner underscoring the analogy with the supersymmetric 
case, where the lowest eigenvalues are the only ones contributing. Similarly, here the pre- 
exponential term can also be thought of as the contribution of the lowest eigenvalue — the 
one vanishing in the massless limit — of the KK gauge field determinant, ensuring the 
correct singular behavior in the limit. Further corrections to the amplitude ( P^ 
should vanish in the massless limit and are proportional to positive powers of rrikp (see 
section ||) . 

4. Finally, it is easily verified that (p2|) is RG invariant with respect to change of UV cutoff 
M; the relevant RG equation is the one for the individual SU{2)i gauge groups, since 
M is above any mass thresholds. 

Let us now increase size of the instanton. As 1/p crosses any given threshold m^, the 
corresponding states decouple from the instanton, and the contribution of their non-zero 
modes simply turns from — 21nMp into — 21n(M/mfc), as in eqn. ( p!9[ ) in the step function 
approximation (pO]). Therefore, denoting by K{p) the number of KK levels lighter than 1/p, 
the instanton amplitude ( p2D turns into: 




The pre-exponential factor for the gauge fields heavier than 1/p is required by RG invariance 
of the amplitude with respect to changes of M; since states with mass greater than 1/p do not 
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feel the instanton, the prefactor does not depend on p (up to the aheady mentioned corrections 
in the action, suppressed by inverse powers of pmk>K{p) or positive powers of pmk<K{p))- 
We then exponentiate the prefactor in (^3|) , and after some simple algebraic manipulations 



find the instanton amplitude e ^^ti , with Seft given by:[ 



o 2 ^^P) 

To arrive at p^), we used RG invariance with respect to the cutoff M to replace M with 
rriKK = 2f in ( pSj ) and then applied the deconstructed theory RG equation (i.e., eqn. (|T6|) 
written for the theory under consideration): 



^7^^ = + 7lnmKKR - 14 ^ In ^ = + 7iVln2 - 71n2vr , (25) 



to express giniKK) in terms of = ^). The latter, low-energy coupling is the one to be 
kept fixed in physical applications. 

Now let us consider Seff of eqn. (|2^ ) in two cases: either by taking the usual, non- 
deconstructed, expressions for KK masses or by using the deconstructed formula. When K{p) 
is (moderately, see below) large we can also approximate K{p) = [R/ p]. 

We begin by taking rrik = k/R — a case which is simple to analyze analytically. The action 
(1^) becomes: 

Seff = -^^^ -71^^ + 2^('^) In I + 2 In K{p) ! . (26) 

Substituting K{p) = [R/ p] and using Stirling's formula to perform the sum, we obtain for the 
action: 

2^-61„^. (27) 



g^l/R) p R 

It is obvious that the log-enhanced terms cancel (except for low-energy contributions coming 
from physics below compactification scale). Most importantly, we note that the term linear 
in 1/p decreases the action for small p, enhancing the small instanton contribution. 

We should stress that eqn. (|27| ) is a valid approximation to the deconstructed expression 
provided: i.) 1/p is sufficiently below the top of the KK tower so that the expressions for the 
KK masses are approximately correct and ii.) R/p > 0(10), so that there is a large number 

^From now on, unless otherwise noted, g stands for the couphng of the diagonal group. 
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Figure 1: The p-dependent part of Seff, (0), in the deconstructed (A^ = 200) 5d SU{2) pure 
gauge theory: Seff - Sn^ / g'^ {1 / R) for 1 < R/p < N/n. 



of KK modes hghter than 1/p that feel the instanton. The conclusion we can draw from (^), 
is that for instanton size much smaller than R the effective action decreases as p becomes 
smaller. Thus, the instanton amplitude grows in the UV. Eqn. (|27|) demonstrates the UV 
sensitivity of instanton induced amplitudes in extra dimensional gauge theories. 

Earlier in this section, in our qualitative discussion of deconstructed instanton amplitudes, 
we argued that for p <C 1/f the action again becomes an increasing function of 1/p (more 
precisely, of the independent sizes pi of the instantons that the diagonal instanton 
"dissociates" into for p <C 1/^^). Together with our analysis of the KK case of the previous 
paragraph, this allows us to conclude that there is an "extra-dimensional" saddle point of the 
p integral, presumably of order the inverse cutoff scale. 

In order to study the effects of instantons with sizes near the inverse cutoff of the decon- 
structed theory in more detail, we will consider the more appropriate deconstructed expressions 
for the KK masses: m^, = 2f sin^, k = 0,...,^^^. To study the p dependence for smaller 
values of p we proceed to evaluate eqn. ( p4|) numerically. We find that the p-dependent part of 
Seff becomes negative at about R/p ~ 10, for all value^ of A^, consistent with (and implied 
by!) the KK analysis above. Further decreasing the value of p, the action decreases to fur- 
ther negative values (see Figure 1), somewhat faster than the KK approximation (^) would 
suggest. 

To summarize, our calculation indicates that instanton amplitudes in extra dimensional 
gauge theories grow with decreasing instanton size. The strength of the instanton-induced 
interaction is thus decided by the UV completion of the theory. Using deconstruction as the 
UV completion of the 5d theory requires a strong coupling analysis in the large- A^ continuum 
limit. Since the instanton vertex is allowed by the symmetries of the theory, one would expect 



^Note that large values of A'' are required in order to observe this effect: the validity of ( p7| ) already requires 
p » l/2v, i.e. N/n :s> R/ p > 0(10); for the theory at hand, numerically the effect appears at iV ~ 60. 
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it to appear in the low energy theory suppressed by inverse powers of v, the cutoff of the 5d 
theory. For a field theory in the strong coupling regime we do not, generally, expect higher 
order corrections (even though they are non- calculable) to conspire to make some operators 
smaller than their "natural" (as determined by dimensional analysis) value. 

Similarly, in more general UV completions of the 5d theory (such as 5d compactifications of 
string theory) one expects that short distance degrees of freedom may contribute to amplitudes 
involving extremely small instantons (p < g"^). However, generically short distance physics 
will not suppress[3 the contribution of the low-energy degrees of freedom to the instantons of 
the size p > g'^. 

Finally, we note that the results of this section are not qualitatively changed by orbifolding 
the 5d pure gauge theory (e.g. projecting out the zero mode of and taking only half the 
KK spectrum), even though the precise coefficients in Seff do (trivially) change. In the next 
section, we consider the effect matter fields have on the instanton amplitude. 

4.3 Bulk matter and the instanton amplitude 

It is easy to generalize the above calculation to an arbitrary matter content in the bulk of 
the extra dimension. More precisely, we will consider a theory with Np adjoint 5d fermions 
(i.e. two 4d adjoint Weyl fermion KK zero modes), Np fundamental 5d fermions (2 Np 
fundamental Weyl 4d fermion KK zero modes), Ng real adjoint scalars, and complex 
fundamental scalars. 

Eqn. ( p3D for the instanton amplitude for R> p > l/2f is trivially generalized to include 
the above matter content: 



For simplicity, we assumed that all fields have the same KK spectra given by m^, k > 1. 
Generalizing (pSf) for nonequal mass spectra, occurring, e.g., in Scherk-Schwarz/orbifold type 
symmetry breaking is easy: one simply has to separate the preexponential terms corresponding 
to fields with different spectra and, after exponentiating, perform the sums separately. 

The amphtude (|28|) was derived as in the pure gauge case. The first product in the pre- 
exponential refiects the additional fact that in the massless limit the fermion determinants 
-"^^Theories with UV/IR correspondence may give a counter example; yet such vacua are non-generic. 
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vanish, while the second product is as required by RG invariance. The coefficients for the con- 
tributions of the nonzero modes to the instanton amphtude for massless scalars and fermions 
in the adjoint and fundamental representations are taken from 0]; as before, we are using the 
step-function approximation (|T9|) for the massive determinants. For completeness, we give 
the contributions of the zero and nonzero modes of the massless fields of interest in the table 
below; we show the coefficient c, in terms of which the contribution of the determinant of the 
corresponding field to the instanton amplitude is exp[clnMp]: 



field, representation 


zero modes 


nonzero modes 


gauge, adjoint 


8 


-2/3 


scalar, real adjoint 





-1/3 


scalar, fundamental 





-1/6 


fermion, Weyl adjoint 


-2 


2/3 


fermion, Weyl fundamental 


-1/2 


1/6 



From the table, the amplitude ( p8D is easily recovered using the considerations of the previous 
section. 

Writing the amplitude as e'^^ff and exponentiating the prefactors, we obtain for the 
effective action: 



S. 



+ 



+ 



+ 



+ 



8 1 2 t I t 

-7 + -m + + -M + -M 

3 ^ 3 ^^ 3 ^ 6 ^ 



In MR 



16 2 A t 1 f 

-14 + —m + -m + -M + -n{ 



8 2 J- 1 It 
3 ^ 3 ^ 3 ^ 6 



In 



M 

> m — 

k=l 
P 



' >'"R 

K{p) 



' k=l 



(29) 



Let us now make some observations on the form of Sejf. We ffist note that eqn. (|29| ) can be 
used to reproduce the p-dependence of the instanton amplitude in the supersymmetric case; 
agreement with supersymmetry provides a useful check on our formulae. A supersymmetric 
5d SU{2) theory with adjoint and nf fundamental matter hypermultiplets corresponds to 
taking Np = 1 + Ua, = 1 + Aua, and A^^ = 2Np = 2nf. In the supersymmetric case, Seff 
drastically simplifies — all p dependence is governed by the 4d beta function coefficient, equal 
to —4 + Ana + as in the pure 5d SYM case we started with: 



qSUSY 
^eff 



Sir' 



+ i-A + Ana + n 



f) 



In MR + 



ma. ^2 



+ In 



k=l 



■ml 



(30) 
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the contribution of the nonzero modes having cancelled out as in (J^). The role of the p- 
independent terms in (^) is to change the argument of the coupling M — ^ as in (|), 

We can write eqn. (^) in terms of the low-energy 4d coupling g{l/R) as: 

/ o 2 2 1 \ ^^^^ 

+ (2- -iV^--iV/ + -iV^ + -iVn 5^ In m,p. 

^ ^ k=l 



Eqn. (|3TD is the main result of this section. It allows us to study the p dependence of the 
instanton amplitude. As in the pure gauge case, the large- behavior is controlled by the 
last term, since it is the one leading to a linear dependence of the action on R/p. We can see 
the behavior at small p already in the KK approximation: if the coefficient of the last term 
is positive, the effective action is an decreasing function for sufficiently large R/p, as in the 
pure gauge case. 

The general effect of bulk matter fields is clear from ( pTj) : bulk fermions tend to suppress 
the contributions of small instantons, while bulk bosons tend to enhance them. Precisely how 
the balance in (dis-)favor of small instantons is achieved depends on the matter content of the 
theory. For example, for a 5d SU (2) YM theory with Np fundamental fermions, equivalent to 
Np fundamental flavors in 4d, we flnd from eqn. (^) that if Np < 3, the instanton amplitude 
grows for small p, while for Np > 3, the amplitude is dominated by the 4d saddle point. 

As mentioned in the beginning of this section, eqn. ( |3TD is also applicable for spectra 
different from the usual KK spectra, e.g. for orbifold compactiflcations where different flelds 
have different KK expansions. For a 4d theory obtained as an orbifold of a 5d theory, one can 
draw similar conclusions — that bulk bosons enhance the small instanton contribution, while 
bulk fermions suppress it. 

If one is considering an orbifold of a supersymmetric theory, one expects additional sig- 



nificant cancellations in (|29|) . To see this, note that in the supersymmetric limit the term 
responsible for the growth of the amplitude for small p (the last term in Se/f) vanishes. If 
the supersymmetric theory is orbifolded, one expects the cancellations between bosons and 
fermions to still persist, leaving at most a logarithmic dependence on p. To this end, con- 
sider the contribution to the instanton amplitude of a fundamental matter hypermultiplet, 
where, in the KK approximation, the scalars have mass ml = {k + 6)/R and the fermions — 
ml = k/R, so that only the fermions have KK zero modes. Clearly, then, the contribution of 



the hypermultiplet to the last term in (29) becomes, dropping possible ~ Inp contributions 
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arising from the "edges" of the spectrum: 

k=l ^ 

Similar cancellations will occur in the other orbifolded supermultiplets, resulting at most in a 
logarithmic growth of the amplitude as a function of instanton size. 

Using (|3T|) , one can also study instanton effects in even more general backgrounds where 
gauge fields propagate, such as a slice of (deconstructed) AdS^. A more detailed investigation 



of the implications of (|3TD in different models will be given elsewhere. 



5 Corrections to the step-function approximation 

In this section, we will consider the role of the corrections to the step-function approximation 
(pop we used throughout the previous sections. We will show that they do not qualitatively 
alter our conclusions. 

Consider first a bulk scalar field in the fundamental representation, whose nonzero KK 
modes give the following contribution^ to Seff (as usual, the amplitude is ~ e~^^ii'): 



^Seff = ^J2^^''^P + 9M) . (33) 

k=l 

In the step function approximation of eqn. (^) this gives rise to the contribution shown in 

Let us now subtract the p-independent terms (representing the contribution of the scalar 
to the change of the scale M — > 1/R oi the gauge coupling) from the scalar contribution to 



the effective action ASejf (|33|) : 



^ max ^ max 

AS'.ff = ASeff - TT^^ln — = 7T$^ (ginikp) + In m^p) . (34) 



3 mi. 3 

k=l k=l 



AS'gjj from eqn. (|3^ gives the p-dependent part of the contribution of the KK tower to the 

instanton action with the gauge coupling evaluated at 1/R. If we substitute (pOD , g{x) = 

—6{x — 1) Inx, into (0), we arrive at the effective action in the step-function approximation: 

only the light fields contribute to AS'^jrj, giving a large negative (m^p < 1) contribution to 

Seff in (gp. 

-•^^Note that we are taking twice the contribution from the table, because at each mass level there are two 
scalars. 
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Here, we are interested in the corrections to the step-function approximation (pO|) to gijnp) 
and the effect of the corrections on the strength of the amphtude. The small-mass expansion,0 
valid for x < .5, of the determinant is, as shown in |T3|,|T4|: 

\ 9{x) = c~]^x^[\n^ + d^+ 0{x^) , (35) 

where c = 0.145873, d = 0.005797. The large-mass expansion, x > 1.8, computed to order 



X m 
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is: 



1 / X 1 1 1 17 

- qix) = — Inx 7 -|- . . . (36) 

6 ^ 6 75 a;2 735 a;^ ^ ' 

Note that, quantitatively, the constant c in the small- mass expansion is the largest error in 
the approximation (PP]): even if we define the step-function approximation so that g{x) = 6c 
for all < a; < 1, the conclusion that the scalar field fluctuations enhance the amplitude is not 
altered (since c < 1/6). It should be noted, however, that such a modification of g{x) grossly 
overestimates the error of the step-function approximation, since, as the small x expansion 
(^) shows, g{x) is a decreasing function of x. 

We can be more precise in our estimate of the error if we use the interpolating function 
for g{x), proposed in fl^ under the plausible assumption that the determinant is a smooth 
function of x, monotonically connecting the large- and small-mass limits: 



1 _ 0.145873 - 0.443416x2- ^ + \nx 

6 ^^^^^^^'^^f- - i_ 3:^2 + 20x4 + 15x6 6~ ' 



which has the correct expansions (P3|), ( PUD for both large and small x. We then use (P7| ) to 
numerically perform the sum|^ over the deconstructed mass spectrum in (0) and find the 
following p- dependence of AS'g^y-: 

^S'.ffLterp. - -0-22 ^ , (38) 

where the coefficient has a slight dependence of R/ p (becoming weaker as R/ p is increased). 
We can now compare this contribution to the result found in the step-function approximation 
with KK spectrum, i.e. eqn. ( P7D adapted to the scalar case by replacing 2-^1/3: 

^^'eff\step,KK ^ ~S ~^ ' ^^^^ 



^^We multiplied g by the factor 1/6 in (p5|), ( pq ) in order to simplify comparison with jT^,Q, where the 
determinant of a single fundamental scalar, contributing g/6, was considered. 

^•^As in section ^ for the SU{2) theory at hand, one needs N > 60; the linear dependence appears already 
for R/p > 0(10). 
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We conclude that ^S'^jj- is a linearly decreasing function of R/p even when threshold correc- 
tions are taken into account (albeit with a somewhat reduced coefficiently when compared to 
step-function approximation) . 

The fact that corrections do not modify our conclusion qualitatively holds also for scalars 
in other representations as well as for fermions and gauge fields. Indeed, the propagators for 



massive fermions and gauge fields can be related to those of the scalar fields ||T9[. In particular, 
the contribution of any massive state to the effective action is the same as that of a scalar 
up to overall spin- and isospin-dependent factor (and to the possible would-be zero mode 
contributions) Thus, properly including the contributions of the massive thresholds, we 
obtain an improved expression for the one- loop effective action (|31|): 



R 

2 2 1 \ 
+ ( 2 - -iV^ - -iV^ + -N^ + -Nn Y,{g{mkp) + Inm^p) , 



(40) 



k=l 



with g{mp) given by the interpolating function 
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